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Abstract

Parameters of muon cooling channels are discussed that achieve cooling of a muon
beam from initial to final emittances in all three degrees of freedom in a given
length. Published theories of ionisation cooling yield equilibrium emittances from
multiple scattering and energy straggling, and partition numbers. Limits are ob-
tained on the amplitude functions in all three degrees of freedom. Parameters of
wedge-shaped absorbers and partition numbers are derived for simultaneous lon-
gitudinal and transverse cooling. Limits on length and material of absorbers, and
dispersion at the wedge-shaped absorbers are obtained. Parameters are presented
for the RF system, e.g. peak voltage, frequency, stable phase angle. The properties
of the magnetic lattice which satisfies the conditions imposed by the longitudinal
dynamics are studied. The consequences of changes in the assumed performance of
the cooling channel on its parameters are discussed.
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1 Introduction

The aim of this paper is taking the reader step by step through the design of
a muon cooling channel that reduces the normalised emittances from assumed
initial values, typical for a muon cooling channel, to assumed final values
in 6D over a distance S. Physics issues will be recapitulated as they arise
during the design. The paper is intended to educate non-specialists in cooling
muons by ionisation, and to contribute to their understanding of the physics
in muon cooling channels, but hopefully also to give views that specialists find
interesting.
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Table 1
Possible combinations of shape and focusing in muon cooling channels

Shape Focusing

Straight Solenoid

Ring Quadrupole

Tab. 1 shows four possible combinations of shape and focusing in a muon cool-
ing channel. All of them have been proposed and studied. Straight channels
were incorporated in Studies I [1] and II [2]. They have transverse cooling,
no dispersion, no wedge-shaped absorbers, and longitudinal heating due to
straggling. Ring coolers were invented more recently, and have dispersion at
wedge-shaped absorbers, and transverse and longitudinal cooling. The exam-
ple in this paper has both transverse and longitudinal cooling.

2 Analytical Theory

The design procedure outlined in this paper does not use simulation, but
analytical theory that was verified by simulation, and is good enough for pa-
rameter searches and design purposes. It will be checked by the proposed
experiment MICE [3]. It is implemented in Mathematica notebooks that make
generating sets of parameters quick and, perhaps too easy. The theory averages
the quantities along channel, indicated by (...) in the equations below. For
simplicity, I replace averages by local values wherever possible. I do not advo-
cate particular channel styles and devices. In the remainder of this Section, I
assemble the theory [4,5], and introduce my notation.

Briefly, transverse ionisation cooling works as follows. The energy loss (d£/ds)
in an absorber reduces the muon momenta in all three degrees of freedom,
two transverse x and y, and one longitudinal s. Acceleration by an RF sys-
tem compensates the loss in longitudinal momentum. Longitudinal cooling is
achieved with wedge shaped absorbers, where (dE/ds) depends on the lateral
orbit offset y, and by choosing D, # 0 at the absorber such that muons with
higher longitudinal momentum lose more of it in a longer absorber. Multiple
scattering and straggling in the absorber counteract the cooling. When one av-
erages the s-dependent quantities, one can write the solution of the differential
equation for the normalised emittance €(s) with ¢ = (s = 0), introducing
the cooling length s., and the equilibrium emittance £, noting that £ is
asymptotically reached from above:

e(s) = £ + (e' — &) exp(—s/sc) (1)

The longitudinal cooling length s/l is the same in quadrupole and solenoid



channels. In solenoid channels, there is just one transverse cooling length s
In quadrupole channels, there are two transverse cooling lengths s, ' and s, .
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In a transverse cooling length sl, a muon would lose approximately all its

energy, if the RF system did not compensate it

The equilibrium emittances €7/ and eﬁq are caused by the balance of cooling
and heating by multiple scattering and straggling. The term 13.6MeV /pv is
related to multiple scattering. The rate of change per unit length of the RMS
relative momentum error (§2) is related to straggling. In (5) and (6), the total
muon energy is E, the absorber has radiation length X, dispersion invariant
H, and transverse and longitudinal functions 3, and /. The factor 2 in D, /2
in (5) applies to solenoids.
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Partition numbers simplify the notation for cooling lengths and equilibrium
emittances in analogy to synchrotron radiation damping. As was the case for

the cooling lengths, the longitudinal partition number g with % (%) % =~

—0.3 for 200 MeV/c muons in liquid Hy applies to both quadrupole and
solenoid channels. In a solenoid channel there is one transverse partition num-
ber g, , while there are two of them, g, and g,, in a quadrupole channel.
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The partition numbers obey the following sum rule:
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The absolute value of |D,| at the absorbers has a lower limit due to the wedge
parameter, since it would be nice that the absorber length were positive in the
whole vertical aperture. Assuming that the vertical aperture radius is equal
to 3 RMS beam radii o, and that the initial relative RMS momentum spread
is 0!, one find the following condition:

Dy > 3(1 = g,), = 3(1 = g.)\/=LB1/(B7) + (Dyoi)? (11)

Solving for |D,| yields:

D] 2301 = gv)d B[l — (;(Llﬁi 90)0L)?] (12

Here |D,| is real and positive if 3(1 — g,)of < 1. This is a condition on o,
which is also found by assuming that o, is dominated by o?, and neglecting
the contribution of the betatron oscillations.

Upper limits for |D,| are due to the cross-plane heating terms in (5) and (6),
i.e. the contribution of straggling to £, and of multiple scattering to £|°.
Assuming that the absorber is at a waist with a; =0 and D;, = 0, and using
H= DZ /31, one finds that €, heating due to straggling and 5ﬁq heating due
to multiple scattering are less than or equal to the heating due to multiple
scattering and straggling, if

B1(13.6MeV /pv) and D, < B/ Xo(0?)

D, <
Dyl < Xo(62) ~ (13.6MeV/pv)

(13)

The limit on the right hand side of (13) is usually much larger. When D, is
one half of the limit, the cross-plane heating term contributes one quarter of
in-plane heating term to the equilibrium emittances.



The linear longitudinal map M, operating on column vector (ct, dp/p)?, for arc
with slip factor n; followed by an RF station with RF frequency frp, harmonic
number h, stable phase angle ¢, with origin at the last zero crossing of RF
voltage V is:

1 chn
M = fref (14)
27 frreV cos g5 1+ 2mnheV cos ¢s
Ecp E32

From (14), one finds to lowest order in the synchrotron tune Q:

5 c \/ nhE \/ enCE (15)

B JRF " 2meV cos Vs - _27rﬁfRFeV COS (P

As (31, B has the dimension of length, and the same relations between emit-
tances, beam radii and divergence, and agrees with the definition in MAD [6].

3 RF System and Longitudinal Dynamics

The RF system in a cooling channel must compensate the energy loss in the
absorbers and satisfy three conditions: (i) 3 must have the value needed to
achieve €| (ii) The bucket height must satisfy brr ~ 20¢ (iii) The bucket area
Agrr must match Eﬁ. The variables to satisfy these conditions are the slip factor
1 and the RF frequency frr. The three limits are discussed below in terms
of the the functions 7y (frr), m2(frr), and n3(frr). I recall that the average
rate of acceleration in the RF cavities is equal to the average rate of energy
loss (dE/ds), if the muon energies at entrance and exit of the cooling channel
are equal. The peak gradient in the RF cavities is obtained by dividing the
average gradient by the fraction of the channel occupied by RF cavities < 1,
sin s < 1 with stable phase angle ¢,, and the transit time factor < 1.

Reaching the design value of 3 and the bucket height bgp = 207 require that
11 and 1y, respectively, satisfy:

2733 fr (A E /ds)
cE tan

| Yip)_cldE/ds)
= . B E f o)

| <

I avoid fixing the sign of n and the quadrant of ¢, by taking absolute values
where needed. The function Y (p) = \/|(7r — 2¢p) sin p — 2 cos | with Y (0) =

v/2 describes the dependence of bgp on . Fig. 1 shows the upper limits for
and 7s.
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Fig. 1. Upper limits for |n;| and |n:| as functions of frr in MHz at ¢, = 27/3.
The straight red curve shows the limit [7;| due to §. The yellow, green and blue
hyperbolic curves from above show the limits |z for o = 0.075,0.1,0.15.
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Fig. 2. Upper limits for |n;| and |n3| as functions of frr in MHz at @5 = 27/3.
The straight red curve shows the limit |n;| due to By- The yellow, green and blue
hyperbolic curves from above show the limits |n3| for Agp = 0.67,0.97 and 1.357 m.

Achieving a bucket area Agrp > 47r5f| requires

Ins| <

20°(p, —m/2)(dE/ds)y (6_)
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Dome [7] gives a power series for the bucket area function (1) with a(0) = 0,
a(m/2) = 1 and ¢ counted from the crest. Fig. 3 shows the limits 7; and 73
for several values of the stable phase angle ;.
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Fig. 3. Upper limits for |n| as function of frp in MHz for ¢s = 57/6, 37 /4,27 /3 from
above. The straight curves show the limits || due to 3. The hyperbolic curves
show the limits |n3| due to Agp = 1.357 m.

4 Cooling Channel Design

In this Chapter, the formulae in Sections 2 and 3 are used to derive parameters
of the cooling channel that is used as an example. They are shown in Tab. 2.

In the first step, the equilibrium emittances and cooling lengths are obtained.
From (1) follows that cooling is efficient when &/ > ¢%. T assume % =~
£(8)/3 =&/ /3, and solve (1) for s.. From s/l and either s for a solenoid chan-
nel or s for a quadrupole channel follow the partition numbers g and either
g1 or g, as well as the mean rates of energy loss (dE£/ds) and of acceleration.

In the second step, the transverse amplitude function (3, is obtained, neglect-

ing the transverse heating due to straggling, i.e. the term proportional to H
in (5), and solving it for 4, with muon rest energy E,:

259LEMX0€T dFE

< L[ == 18

br< (13.6MeV)? \ ds (18)

Liquid Hj is the favoured absorber material, because of its large XodF/ds =
275 MeV. The absorber length is taken as L, = 23, to limit the variation
of B, along the absorber. The spacing between absorbers is given by L, =
LadE/ds/(dE/ds), where dE/ds = 31.75 MeV/m is a property of liquid Ho.

In the third step the longitudinal amplitude function 3 is derived, neglecting
the longitudinal heating due to scattering, i.e. the term proportional to 1/Xq
in (6), and finding with the mean square energy variation due to straggling
d(AE?)/ds = 3.3 MeV?/m for liquid Hy noting that the fraction in the large



Table 2
Design parameters of a muon cooling channel. The first block shows the input
parameters. The remaining blocks show the computed parameters.

Channel length S 200 m
Muon momentum p 200 MeV/c
Initial normalized emittances € / sﬁ 10/50 mm
Final normalized emittances Ei/ sljf <3/15 mm
Normalized equilibrium emittance €/ Eﬁq <1/5 mm
Cooling length si//sﬂ 133/133 m
Mean rate of energy loss (dE/ds) 3.8 MeV/m
Amplitude functions at absorber 3, /0 0.098/4.05 m
Length of liquid Hy absorber L 4 196 mm
Spacing between absorbers L, 1.6 m
Minimum vertical dispersion |D,| 44 mm
Maximum vertical dispersion |D,| from e, /e 0.28/1.41 m
Initial RMS beam radii o, /0, 22.7/25.4 mm
Initial RMS divergence o, = oy 232 mr
Initial relative RMS momentum spread o! 81 %
Initial RMS bunch length o 289 mm
Stable phase angle ¢, 27/3
Frequency fre 47.7 MHz
Maximum slip factor n 0.139

brackets depends only on the absorber material:

- QEug”&ﬁq
= 3

dF

ds
d(AE?)

ds

(19)

In the fourth step, the muon beam parameters at the absorber are obtained.
The initial RMS beam radii o, and o,, and both divergences ¢’ at the centre of
absorber follow from the initial transverse emittance €, initial relative RMS
energy spread o}, §1 and D,, assuming D}, = D; = 0:

00 = \ELBLIBY: 0y = \JFLBL By + (Dyob)s o' = \J 398,

In Tab. 2 I assume that|D,| has half of the smaller value in (13). The bunches

(20)



are longitudinally matched to the buckets, i.e. bunch length o, and o’ follow
from &f and 3.

In the fifth step, the slip factor |n| and the RF frequency frp are calculated.
The maximum value of |n| as a function of frp is given by n; at low frr,
by n3 at high frr, and by 7, at intermediate frp, although ny(frr) may be
higher than 73(frr). | determine 1 and frr by finding the frequencies f;. with
n; = ng for 1,k = 1,2, 3, using the larger of f13 and fo3 as frr, and obtaining
the maximum value from 1 = n3(frr). By this choice of fgrr, |n| drops like f3
above frp. Tab. 2 shows the results for |n| and frp.

Table 3
Comparison between the transverse parameters of quadrupole and solenoid cooling
channels. The input parameters are the same for both styles, and listed in Tab. 2

Quad Sol
Transv. part. nos. gn/gy 1/0.353  0.568/0.568
Transv. amplitude fct. 5 78 126 mm
Length of absorber L 4 157 253 mm
Wedge param. DyL4 /L', 0.647 0.432
Absorber spacing L, 1.32 343 m
Minimum |D,| 40 33 mm

Maximum |D, | from e, /e 0.23/1.4 0.36/2.3 m
Initial RMS radii o, /0y 20.3/22.3 25.8/28.3 mm
Initial RMS divergence o’ 260 205 mr

5 Second Round of Cooling Channel Design

In this second round of the cooling ring design, the heating due to straggling
is assumed to contribute 25 % to £%, by operating the cooling channel at a
value of D, that is one half of the smaller limit in Tab. 2. The heating of |
due to multiple scattering is still ignored. This assumptions is justified, since
the limit on D, is an order of magnitude larger.

I also compare a quadrupole and a solenoid cooling channel with identical
input parameters. The quadrupole channel damps faster in the horizontal
plane than in the vertical plane where the length of the absorbers varies. The
horizontal final and equilibrium emittances are smaller than the vertical ones.
This is the reason for the < signs in Tab. 2. A solenoid channel damps equally
in the horizontal and vertical direction. The final and equilibrium emittances
are equal in both directions. Tab. 3 and 4 show the results for the transverse



and longitudinal parameters, respectively. Also shown are the merit factors
M, i.e. the ratios of final over initial phase space density with muon lifetime
Ty, excluding other muon losses that are outside the scope of the analytical
theory.

EeEiE] ( S )
= exp | — 21
5£€{j 5|ch Bryety (21

A quadrupole channel is harder than a solenoid channel, but promises better
performance.

Table 4
Comparison between the longitudinal parameters of quadrupole and solenoid cooling
channels. The input parameters are the same for both styles, and listed in Tab. 2

Quad Sol
Long. part. no. g 0.353 0.568
Mean energy loss rate (dE/ds)  3.77 2.34 MeV/m

Long. amplitude function g 4.05 6.5 m
RMS bunch length o 029 037 m

RMS rel. momentum spread o, 8.1 6.4 %

Stable phase angle ¢, 2rn/3  2m/3
Frequency frp 477 375 MHz
Maximum slip factor 7 0.139 0.177
Merit factor M 194 315

6 Conclusions

A design procedure is presented for muon cooling channels that are either
straight or ring-shaped, with focusing either by quadrupoles or by solenoids.
It is based on analytical theory which needs only nine channel parameters

ps €5 €ys €, el eﬁ, e, €}, S, and three absorber parameters Xo, dE/ds,
d(AE?)/ds, and is suitable for search of parameters that warrant detailed
studies by simulation. The time for calculating a set of parameters is short
compared to the time needed for entering the data. The physics incorporated
in the design procedure is discussed. However, many engineering details of

muon cooling channels are omitted.
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